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We study the relation between stock price changes and the difference in the number of sell and 
buy orders. Using a soft spin model, we describe the price impact of order imbalances and find 
an analogy to the fluctuation-dissipation theorem in physical systems. We empirically investigate 
fluctuations and market friction for a major US stock and find support for our model calculations. 
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The unpredictable up and down movements in the 
stock market have always captured the interest and imag- 
ination of investors. The scientific investigation of these 
phenomena started with Bachelier's comparison of stock 
price dynamics with a random walk ||l|. This study has 
been refined in many respects H. Interest has been de- 
voted to the precise shape of the distribution of returns 
(difference of the logarithm of stock prices at different 
times), which is characterized by a high probability for 
large fluctuations |3|-||]. 

After it was realized that large price fluctuations tend 
to cluster together in time, stock price returns were de- 
scribed by models of volatility (standard deviation of re- 
turns) changing in time [kUq]- This effect is captured in 
time series models, in which the volatility at a given time 
depends on the magnitude of previous returns |^,|l^ . It 
has been actively investigated how the stochastic prop- 
erties of price dynamics can be related to the market 
microstructure, i.e. the rules and motivations according 
to which agents act in a financial market. Although the 
details of models differ |ll]-[l^] , they have been successful 
in reproducing the empirical observations. 

Here, we follow a different approach motivated by the 
successful application of physics concepts to study the 
economy ||l(^-[l^. We investigate the price dynamics on 
an intermediate or coarse grained time scale At, which 
is long enough to average over the details of market nri- 
crostructure, but short enough to resolve the trading dy- 
namics. In physical systems, there exists a quantitative 
relation between the strength of fluctuations of an ob- 
servable and the rate, at which energy is dissipated when 
the same observable is pulled by an external force. Ein- 
stein discovered this relation first, when he studied the 
fluctuations of small particles in a fluid [|l9[. In this case, 
the variance of position fluctuations is proportional to 
temperature times the mobility of particles. This rela- 
tion was later on generalized to a wide class of systems 
pO| and is known as fluctuation-dissipation theorem. 

In this letter, we use an effective model for stock price 
dynanrics to derive a similar relation between the time 
varying volatility of stock returns and the "friction con- 
stant for stock prices" or market liquidity. Market liq- 
uidity relates returns to the difference between buy and 



sell orders (order imbalance), which acts as an external 
force. We study the dependence of stock price changes 
on order imbalance empirically by using the method of 
data analysis and some of the results of [£l|,^ . We flnd 
that the empirical results agree well with our model. 

Model calculation: The observable quantity we are in- 
terested in is the logarithmic stock price changes within 
a time interval Ai 



GAt{t) = \nS{t) - \nS{t - At) , 



(1) 



where S{t) is the price of a given stock at time t. Trans- 
action prices at a stock exchange lie usually in a flnite 
interval between the bid price (the price a trader offers 
to pay for a stock) and the ask price (the price at which 
a dealer is willing to buy the stock). In addition, the 
historical prices studied take only discrete (tick) values. 
This motivates to model price changes by a spin model, 
and for the virtue of easier analytical calculations by a 
soft spin model P3[ . 

The spin variable we use is the "instantaneous return" 
g{t) = T-^\nS{t), where the average time interval be- 
tween trades r sets the time scale of the problem. The 
observable returns on time scale At are related to them 
via 



G{t) 



1 



At 
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In an analogous way, we define an instantaneous order 
imbalance q[t) = T-^Q{t). Here, order imbalance is the 
number of buy orders minus the number of sell orders 
divided by the total number of outstanding shares of a 
given stock. We describe the dynamics of g{t) by the 
following stochastic differential equation 



Tdtg{t) = -rgit) - ng^t) + iiq{t) + ^t) 



(3) 



Mathematically, the r- and k- term enforce the soft spin 
constraint of finite and discrete price changes. From a fi- 
nance point of view, the linear term describes relaxation 
and controls the strength of fluctuations. The cubic term 
stabilizes the theory in a regime of strong fluctuations 
(small r). The order imbalance q{t) is analogous to the 



magnetic field in the theory of spins, its couphng con- 
stant /i is in analogy to the magneton in magnetic sys- 
tems. The Gaussian white noise ^(i) has the correlator 
{^{t)^{t')) = TS{t — t'). It represents the influx of news 
not captured by the news content of the order imbalance. 
Stochastic differential equations for stock price changes 
with a quadratic instead of the cubic term were studied 
in |jlq,pj| . A generalization of Eq. (m to many stocks was 
used to explain correlations between them pa . 

The variance of price changes on a time scale At :§> r 
is well approximated by 



((G,(At))2)o = l -At 



(4) 



where the average is taken without the cubic term. This 
approximation is valid as long as the system is not in the 
vicinity of a critical point. Eq.(0) describes a diffusion 
process with diffusion constant D = -^. In order to 
describe the stochastic volatility and fat tails observed 
in empirical data, we must allow for a time dependence 
of both the frequency of trades - and the standard de- 
viation of the price of individual transactions. In Ref. 
p6| it was shown that price changes of financial transac- 
tions can be consistently interpreted in such a framework. 
When r becomes a random variable, is causes multiplica- 
tive noise in Eq. (|^) , which can account for the power law 
tails of the return distribution [g^'lH • 

The price impact function describes the functional re- 
lation between the expectation value (GAt)QAt condi- 
tioned on the volume imbalance and the volume imbal- 
ance itself. We define the susceptibility x as the slope of 
the price impact function close to zero volume imbalance 



AQ^O AQ 



(5) 



As stocks are traded in discrete units, this limit can in 
an empirical study only be approximated. The inverse of 
this susceptibility can be interpreted as market liquidity. 
For an order imbalance which is constant in the time in- 
terval Af the full price impact function can be calculated 
analytically for the model Eq.(ra) and compares well to 
the empirical data in Fig. H^. Such a situation could be 
realized if an informed trader breaks up a large trade into 
many small ones and trades at a fixed frequency. 

From Eq.(0) we find x = A*/'"- Combining this with 
Eq.(H) for the volatility, we obtain for the linear regime 
of small fluctuations 



V((GAt)2) = V^Mj^ xh^- 



(6) 



This relation and its empirical test are our central results. 
The square root on the r.h.s. is essentially the square root 
of the number of trades in the time interval At and in 
analogy to the temperature in physical systems. The re- 
lation Eq. (o) differs from the Einstein relation in that the 
standard deviation of fluctuations appears on the l.h.s. 



instead of the variance. The reason for this is the differ- 
ence in "experimentally" relevant time scales: as At was 
assumed to be much larger than the microscopic time 
scale T in our coarse grained description of stock price 
dynamics, GAt(t) is proportional to the zero frequency 
Fourier component of the instantaneous return, and not 
to the integral over all frequency components as in the 
derivation of the Einstein relation. 

Empirical Results: The empirical test of Eq.(P) uses 
the method of data analysis and some of the results of 
pl| , p2[ . The present author got to know about the shape 
of the empirical price impact function and its similarity 
to the magnetization curve of spin systems from the au- 
thors of gl|.^, and only later on learned about related 
work in the economics literature |g^ .- 

In the framework of the efficient market hypothesis the 
price of a stock reflects present and discounted future 
earnings of the underlying company. The estimation of 
these earnings depends on information about that com- 
pany. Information may be disseminated by a news re- 
lease, a press article, or by rumors. In addition, traders 
extract information about a company (or at least infor- 
mation about the beliefs of other traders concerning that 
company) from the order imbalance. This is reasonable 
under the assumption that somebody selling the stock 
might do that because he has superior knowledge about 
the underlying company and expects its value to drop. 
Hence, one can assume that the order imbalance will have 
impact on the price of a stock. 
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FIG. 1. Price impact function: expectation value of return 
(GAt)AQ for an order imbalance AQ plotted against that or- 
der imbalance [21,22]. Returns are measured in percent, the 
order imbalance in number of stocks. Note the linear part for 
small AQ. 

We analyze stock prices of General Electric, a major 
American company for the year 1997. Price, volume, bid 
and ask price of all transactions of this stock are recorded 
in the Trades and Quotes (TAQ) data base published by 



the New York Stock exchange. We analyzed a total num- 
ber of 10^ transactions contained in that data base. The 
question, whether a trade is buyer or seller initiated is 
difficult to answer, as there is a buyer and a seller for 
each trade. We try to answer it by finding out which 
one is more eager to do the trade, i.e. we compare the 
transaction price to the bid and ask price pl| , p^ , p9| -pl| . 
First, we try to match the price of a trade with quotes 
at the same stock exchange with a time stamp at least 
two seconds prior to the transaction time. In this way we 
account for possible time lags in the reporting of prices. 
If the trade occurs at the bid price, it is classified as 
seller initiated, if it occurs between bid and ask price it 
is classified as neutral, and a trade at the ask price is 
classified as a buyer initiated. If the transaction price is 
lower than the bid price or higher than the ask price the 
trade is discarded as not matched. 
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FIG. 2. Susceptibility for stock price changes (slope of 
the price impact function for small order imbalances) plotted 
against standard deviation 1/r of returns per trade. The lin- 
ear relationship between the two quantities confirms the anal- 
ogy to the fluctuation dissipation theorem \/((GAt)^) ~ X- 
The regression coefficient of the linear fit is i? = 0.975. 



Having classified all trades, we can give a sign to the 
volume of each trade. A buyer initiated trade has a pos- 
itive sign, a seller initiated trade a negative sign. As 
our analysis does not focus on the market microstruc- 
ture, we average both volume and price changes over a 
sampling time Ai. This averaging is analogous to the 
concept of coarse graining in physics, which also averages 
over microscopic model details and allows the derivation 
of effective theories. In the finance context, the choice 
of the sampling time is influenced by the following con- 
siderations. If the sampling time is chosen too short, the 
effects of individual trades will not be smoothed out, if it 
is chosen too long it is not clear that there is still a causal 
relation between order imbalance and price change: price 
changes will influence traders and in this way have an ef- 



fect on the order imbalance. For our analysis we choose 
Ai as five minutes. In this way we generate for each stock 
a time series of returns and order imbalances (measured 
relative to the total number of outstanding stocks of a 
company) . 

To visualize this information, we plot the average price 
change for a given order imbalance against the order im- 
balance AQ (price impact function) in Fig.n^. It agrees 
with the results of pl^,E3,p9| . Its characteristic form with 
a linear part for small AQ and a less steep part for large 
AQ is described by a hyperbolic tangent J2^j2^ and can 
be well approximated by the functional form resulting 
from Eq.(||). 

Next, we sort the 5 minute intervals according to the 
average fluctuation {1/r vn terms of the Langevin model) 
per trade and calculate a price impact function for each 
fluctuation strength. We calculate the slope in its linear 
region and thus generate a series of susceptibilities x de- 
pending on the local volatility. This data set is shown in 
Fig.g. The full line is a least square fit to the data points. 
The good quality of the fit is illustrated by the high re- 
gression coefficient R = 0.975. Thus the empirical anal- 
ysis supports well the linear relationship between fiuctu- 
ation strength and susceptibility x suggested by Eq.(||). 

Discussion: The linear relation between fluctuation 
strength and liquidity implies that large price changes 
are not only due to a large volume of trades but also to 
a large price impact of a given volume. In the soft spin 
model Eq.(0), the time changing volatility is proportional 
to the square root of the number of trades times the liq- 
uidity. In Ref. pfl] it was shown that changes in the 
trading frequency cannot account for the appearance of 
large price fluctuations. Hence we conclude that large 
price fiuctuations are caused by changes in the market 
liquidity. 

The inverse susceptibility appears as the I/r-term in 
our model Eq.(y). For this reason, large price fiuctuations 
associated with a large liquidity are described by the soft 
spin model in a critical state. In a critical spin model, 
even small changes in the external magnetic field cause 
huge fiuctuations in magnetization. From this point of 
view, it is not large "external" infiuences which cause 
large price fluctuations, but the strong response of the 
system itself. 

In summary, we have studied both theoretically and 
experimentally the relation between the strength of stock 
price fiuctuations and the friction constant, which relates 
order imbalance and price changes. We have modeled 
stock price dynamics on a coarse grained time scale by a 
soft spin model and found an analogy to the fluctuation- 
dissipation theorem in physics, which is supported by our 
empirical study. 
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